We study the evolution in time of the statistical distribution of some addiction phenomena in a system of individuals. The kinetic approach leads to build up a novel class of Fokker-Planck equations describing relaxation of the probability density solution towards a generalized Gamma density. A qualitative analysis reveals that the relaxation process is very stable, and does not depend on the parameters that measure the main microscopic features of the addiction phenomenon.
Since social phenomena are deeply based on behavioral aspects of agents, the microscopic kinetic interactions have been often modeled to reproduce these features. To our knowledge, the first kinetic model in which psychological and behavioral components of the agents have been explicitly considered has been proposed in [47] to model the price formation of a good in a multi-agent market, consisting of two different trader populations. The kinetic description in [47] was inspired by the microscopic Lux-Marchesi model [45, 46] (cf. also [41, 42] ). The microscopic trading rules of agents were assumed to depend both on the opinion of traders like in [55] , and on the way they interact with each other and perceive risks. This last aspect has been done by resorting, in agreement with the pioneering prospect theory by Kahneman and Twersky [36, 37] , to interactions involving a suitable value function.
Analogous microscopic mechanism has been considered in [33] , where the choice of a particularly adapted value function justified the statistical shape of the service time distribution in a call center, and, in more generality, the formation of a number of social phenomena which can be described by a lognormal distribution [34] .
Starting from [19] , where the formation of Pareto tails in the wealth distribution in a western society was studied at different scales, the analytical description of the stationary distribution of the social phenomenon under investigation was obtained resorting to a particular asymptotic limit of the kinetic equation of Boltzmann type, which results in a Fokker-Planck type equation [51, 59] , still reminiscent of the microscopic interaction mechanism. This is particularly evident in the kinetic description of [33, 34] , where the shape of the value function to insert in the microscopic interaction is deeply connected to the steady state of the Fokker-Planck asymptotic equation.
The leading idea in [33] was recently applied to the study of the phenomenon of alcohol consumption in [20] . There, the choice of a new class of value functions, suitable to model the possibility of addiction in the microscopic interaction, led to a class of Fokker-Planck equations with a steady state given by a generalized Gamma distribution [43, 54] .
The findings of [20] are in agreement with the exhaustive fitting analysis presented in [38, 52] . In these papers the analysis of the fitting of real data about alcohol consumption in a huge number of countries, pushed the authors to conclude that, among various probability distributions often used in this context, Gamma and Weibull distributions (particular cases of the generalized Gamma [54] ), appeared to furnish a better fitting with respect to the Log-normal distribution, first proposed by Ledermann [40] as a reasonable model for the consumption problem.
Let f = f (x, t) denote the probability density of individuals which are characterized by an alcohol consumption value equal to x ∈ R + at time t ≥ 0. Then, the time evolution of the density f is shown in [20] to obey to a linear Fokker-Planck equation, that reads
In equation (1) θ, κ and δ are positive constants related to the relevant characteristics of the phenomenon under study. Moreover, in all cases considered in [20] , in agreement with the fitting analysis in [38, 52] , the constant δ ≤ 1. The equilibrium state of the Fokker-Planck equation is given the generalized Gamma density [43, 54] 
In this paper, we aim in improving the analysis of [20] , by generalizing it to different addiction phenomena, and by taking into account a new modeling assumption, in the spirit of the recent paper [27] . This leads to describe the collective behavior of a multi-agent system of individuals subject to some addiction phenomena, whose intensity can be measured in terms of a positive parameter x, in terms of a new class of Fokker-Planck equations.
Given the probability density f = f (x, t) of individuals which are characterized by an addiction value equal to x ∈ R + at time t ≥ 0, the time evolution of the density f is shown to obey to a Fokker-Planck equation similar to (1) , that now reads
Similarly to equation (1), θ, κ and δ are positive constants related to the relevant characteristics of the phenomenon under study, and δ ≤ 1. The main difference between the Fokker-Planck equation (1) and the present one, is that both the coefficient of diffusion and the drift term are scaled by a factor x δ . This scaling has no effect on the steady state, so that the new equation (3) has the same steady state (2) of equation (1) . However, this new Fokker-Planck equation seems to be better adapted to describe the addiction phenomena, since it allows to obtain an explicit rate of relaxation of the solution towards the equilibrium. Given an initial probability density f 0 (x) with a bounded variance, it can be proven by classical entropy methods that the (unique) solution to the initial-boundary value problem for the Fokker-Planck equation (3) converges towards the equilibrium density (2) exponentially fast in time with explicit rate [56] , a result that seems not available for the solution to (1) .
The analysis of the present paper underlines the importance of the generalized Gamma density in the statistical description of social phenomena. Previous findings in this direction were concerned with event history and survival analysis [12] .
Addiction phenomena which can be described by the Fokker-Planck equation (3) include alcohol consumption [20] , on line gambling [57] , as well as the abuse of the insights of social networking sites [39] . This new form of addiction is very recent, since online social networking sites reached a very high popularity only in the last decade, involving more and more individuals of the society to connect with others who share similar interests. The perceived need to be online was noticed to often result in compulsive use of these sites, which in extreme cases may produce symptoms and consequences traditionally associated with substance-related addictions [39] .
In more details, in Section 2 we will briefly describe the modeling assumptions of [20] and [57] , relative to the addiction phenomena of alcohol consumption and, respectively, to web gambling activity. In particular, we will outline the importance to resort to a variable collision kernel in the underlying linear Boltzmann equation.
A grazing collision limit [59] procedure finally allows to recover the Fokker-Planck equation (3) . This will be the argument of Section 3.
A short review of the qualitative analysis of the Fokker-Planck equation (3), recently obtained in [56] , will be done in Section 4.
Kinetic description of addiction phenomena
The goal of kinetic modeling is to describe the collective behavior of a multi-agent system of individuals with respect to a certain hallmark by resorting to the typical elementary (microscopic) variations of the hallmark itself. In the case under investigation, the hallmark to be studied is the degree of addiction of the population of individuals relative for example to gambling, alcohol consumption or abuse of insights of social networking sites, measured by a variable x which varies continuously from 0 to +∞.
Following the well-consolidated approach furnished by the kinetic theory [26, 49, 51] , the statistical description of the addiction variable will be described by resorting to a linear Boltzmann-type equation in which the unknown is the probability distribution f = f (x, t) of the agents with a degree of addiction equal to x at time t ≥ 0. The kinetic model is built up by taking into account some basic hypotheses we enumerate below [20, 57] .
To fix ideas, and to fully understand the main steps of the kinetic construction, we will refer to the description of the possible abuse of the insights of social networking sites in a society of individuals. In this case, we assume that the meaning of the variable x is the weekly time (in seconds) spent to visit web sites. A key assumption is to consider the population homogeneous with respect to the phenomenon, assumption that requires to restrict it with respect to some characteristics, like age, sex and social class [39] .
Once the homogeneity assumption is satisfied, individuals in the system can be considered indistinguishable [51] , so that the state of any individual at any instant of time t ≥ 0 is completely characterized by the time x ≥ 0 spent in web activities. The unknown is the density (or distribution function) f = f (x, t), where x ∈ R + and the time t ≥ 0, and the target is to study its time evolution towards a certain equilibrium.
In general, the density function is normalized to one
The density changes in time since individuals connect (and disconnect) many times in the given period of a week, thus continuously upgrading the time x spent in web activities. In agreement with the classical kinetic theory of rarefied gases, we will always denote a single upgrade of the quantity x as a microscopic interaction.
In the phenomena under study, we will focus on two aspects, which appear to be common and essential in the eventual formation of addiction.
• Assumption A: There is an entry level (represented by values of the variable x below a certain valuex) that is accepted by most societies. The assumption of a moderate quantity of alcohol, an occasional gambling activity or a limited use of the mobile phone are indeed seen as completely normal. • Assumption B: There is an objective pleasure in spending time in these activities.
Consequently, it is normally easier to increase the value of the quantity x than to decrease it. To prevent addiction, it is usual to fix an alarm level (represented by a suitable valuex L of the variable x, withx L >x), that individuals should not exceed, and to continuously advertise about the dangers associated with addiction values x >x L .
Assumption B, strongly related to human behavior, has been fully considered in the kinetic modeling, at the level of individual microscopic interactions, in various papers [20, 33, 34] , taking inspiration from the pioneering prospect theory by Kahneman and Twersky [36, 37] and their representation of value functions.
On the contrary, in [20, 33, 34 ] Assumption A, mostly related to the collective behavior of the system of individuals, was not taken into account. The mathematical translation of the entry level corresponds to assign a different value (frequency) to the elementary interactions in terms of the value x. A reasonable hypothesis is to assume that the frequency of interactions relative to a value x of the addiction variable is inversely proportional to x. This relationship takes into account both the highly probable access of individuals to the entry level, and the rare possibility to reach very high values of the x variable.
The choice of a variable interaction frequency has been fruitfully applied in a different context [27] , to better describe the evolution in time of the wealth distribution in a western society. There, the frequency of the economic transactions has been proportionally related to the values of the wealth involved, to take into account the low interest of trading agents in transactions with small values of the traded wealth.
As discussed in [27] , the introduction of a variable kernel into the kinetic equation does not modify the shape of the equilibrium density, but it allows a better physical description of the phenomenon under study, including an exponential rate of relaxation to equilibrium for the underlying Fokker-Planck type equation.
Following [20, 33, 34] , we will now illustrate the mathematical formulation of Assumption B. The microscopic variation of time spent on social networks by individuals will be taken in the form
In a single interaction the value x of time can be modified for two reasons, expressed by two terms, both proportional to the value x. In the first one the coefficient Φ(·), which can assume assume both positive and negative values, characterizes the predictable behavior of agents. The second term takes into account a certain amount of human unpredictability. The usual choice is to assume that the random variable η is of zero mean and bounded variance, expressed by η = 0, η 2 = λ, with λ > 0. Small random variations of the interaction (4) will be expressed simply by multiplying η by a small positive constant √ ǫ, with ǫ ≪ 1, which produces the new (small) variance ǫλ.
The function Φ plays the role of the value function in the prospect theory of Kahneman and Twersky [36, 37] , and contains the mathematical details of the expected human behavior in the phenomenon under consideration, namely the fact that it is normally easier to increase the value of x than to decrease it, in relationship with the alarm valuex L . In terms of the variable s = x/x L the value functions considered in [20] to describe alcohol consumption are given by
where 0 < δ ≤ 1 and 0 < µ < 1 are suitable constants characterizing the intensity of the individual behavior, while the constant ǫ > 0 is related to the intensity of the interaction. Hence, the choice ǫ ≪ 1 corresponds to small variations of the mean difference x * − x . In (9), the value µ denotes the maximal amount of variation of x that agents will be able to obtain in a single interaction. Note indeed that the value
Clearly, the choice µ < 1 implies that, in absence of randomness, the value of x * remains positive if x is positive. As proven in [20] , the value function satisfies
and
These properties are in agreement with the expected behavior of agents, since deviations from the reference point (s = 1 in our case), are bigger below it than above.
Letting δ → 0 in (5) allows to recover the value function
introduced in [33, 34] to describe phenomena characterized by the lognormal distribution [1, 44] . Hence, this choice is in full agreement with the data fitting of alcohol consumption proposed by Ledermann in 1956 [40] , choice which is still used in present times (cf. also the recent paper [48] and the references therein). Given the interaction (4), for any choice of the value function Φ the study of the time-evolution of the distribution of the lenght x of periods spent on web follows by resorting to kinetic collision-like models [13, 51] . The variation of the density f (x, t) obeys to a linear Boltzmann-like equation, fruitfully written in weak form.
The weak form corresponds to say that the solution f (x, t) satisfies, for all smooth functions ϕ(x) (the observable quantities)
Here expectation · takes into account the presence of the random parameter η in the microscopic interaction (4) . The function χ(x) measures the interaction frequency. The right-hand side of equation (10) measures the variation in density between individuals that modify their value from x to x * (loss term with negative sign) and agents that change their value from x * to x (gain term with positive sign).
In [20] , the simplification of the Maxwell molecules, leading to a constant interaction kernel χ, has been assumed. This simplification, maybe not so well justified from a modeling point of view, is the common assumption in the Boltzmann-type description of socio-economic phenomena [26, 51] .
In [27] , the Maxwellian assumption has been analyzed in its critical aspects. There, starting from a careful analysis of the microscopic economic transactions of the kinetic model, allowed to conclude that the choice of a constant collision kernel included as possible also interactions which human agents would exclude a priori. This was evident for example in the case of interactions in which an agent that trades with a certain amount of wealth, does not receive (excluding the risk) some wealth back from the market.
Following this line of thought, we can express the mathematical form of the kernel χ(x) by taking into account Assumption A, which implies that the frequency of changes which leads to increase the amount of time x is inversely proportional to x. Hence, in the addiction setting, it seems natural to consider collision kernels in the form
for some constants α > 0 and β > 0. This kernel assigns a low probability to happen to interactions in which individuals are subject to a high degree of addiction, and assigns a high probability to happen to interactions in which the value of the addiction variable x is close to zero. The values of the constants α and β can be suitably chosen by resorting to the following argument. For small values of the x variable, the rate of growth of the value function (9) is given by
This shows that, for small values of x, the mean individual growth predicted by the value function is proportional to x δ−1 . Then, the choice β = δ would correspond to a collective growth independent of the parameter δ characterizing the value function.
A second important fact is that the individual rate of growth (12) depends linearly on the positive constant ǫ, and it is such that the intensity of the variation decreases as ǫ decreases. Then, the choice α = ν ǫ is such that the collective growth remains bounded even in presence of very small values of the constant ǫ. With these assumptions, the weak form of the Boltzmanntype equation (10), suitable to describe addiction phenomena, is given by
Note that, in consequence of the choice made on the interaction kernel χ, the evolution of the density f ǫ (x, t) is tuned by the parameter ǫ, which characterizes both the intensity of interactions and the interaction frequency.
Fokker-Planck description and equilibria
For any choice of the value function (9), the linear kinetic equation (13) describes the evolution of the density consequent to interactions of type (4) . The parameter ǫ is closely related to the intensity of interactions. In particular, values ǫ ≪ 1 describe the situation in which a single interaction determines only an extremely small change of the value x. This situation is well-known in kinetic theory of rarefied gases, where interactions of this type are called grazing collisions [51, 59] . At the same time [26] , the balance of this smallness with the random part is achieved by setting
In this way the scaling assumptions allow to retain the effect of all parameters appearing in (4) in the limit procedure. An exhaustive discussion on these scaling assumptions can be found in [26] (cf. also [33] for analogous computations in the case of the Log-normal case). For these reasons, we address the interested reader to these review papers for details. Letting ǫ → 0, the weak solution f ǫ (x, t) to the kinetic model (13) converges towards f (x, t), solution of a Fokker-Planck type equation [26] . Indeed, the limit density f (x, t) is such that the time variation of the (smooth) observable quantity ϕ(x) satisfies
Hence, provided the boundary terms produced by the integration by parts vanish, equation (15) coincides with the weak form of the Fokker-Planck equation
Equation (16) describes the evolution of the distribution density f (x, t) of the weekly time x ∈ R + spent on social networks related activities in the limit of the grazing interactions. The steady state density can be explicitly evaluated [20] , and it results to be a generalized Gamma density, with parameters linked to the details of the microscopic interaction (4). Let us set γ = µ/λ, and suppose that
Note that condition (17) is satisfied, independently of δ, when µ ≥ 4λ, namely when the variance of the random variation in (4) is small with respect to the maximal variation of the value function. Note that the smallness assumption (17) is typical of addiction phenomena, where individuals live their addiction without large unpredictable variations. Under condition (17), it can be easily verified that the steady state solutions to (16) are given by the functions [20] f
By fixing the mass of the steady state (18) equal to one, the consequent probability density is the generalized Gamma f ∞ (x; θ, κ, δ) defined by (2), characterized in terms of the shape κ > 0, the scale parameter θ > 0, and the exponent δ > 0 that in the present situation are given by
Clearly, condition (17) implies a positive value for the shape. The limit δ → 0 in the Fokker-Planck equation (16) corresponds to the drift term induced by the value function (9) . In this case, the equilibrium distribution (18) takes the form of a lognormal density [33] . Note that for all values δ > 0 the moments are expressed in terms of the parameters denoting respectively the alarm levelx L , the variance λ of the random effects and the values δ and µ characterizing the value function φ ǫ δ defined in (5) . Going back to the fitting analysis presented in [38, 52] , who led to identify as correct statistical distributions for alcohol consumption the Gamma and Weibull ones, we recall that these cases are obtained by choosing δ = 1 and δ = κ, respectively. In particular, the case of Gamma distribution leads to a mean value of the addiction equal to the alarm levelx L , while for the Weibull distribution, where γ = δ, the mean value of the addiction is given by
Note that, since δ < 1, in this case the mean value is strictly less than the alarm level x L . If for example δ = 1/2, the mean value is equal tox L /2. Hence, the Weibull case corresponds to the situation in which the addiction phenomenon is sensible to the advertisements about possible dangers. In the general case, the mean takes the value ∫
Exact computation of the mean can be done by choosing, for 1/2 < δ < 1, the value γ = δ 2 . This choice is such that condition (17) is satisfied. In this case
This shows that the alarm level can be exceeded in the presence of a small variance of the random variation (with respect to the maximal variation of the value function), which corresponds to a strong addiction phenomenon.
Relaxation to equilibrium
Scaling time in the Fokker-Planck equation (16) allows to write it in the clean form (3), which outlines the dependence of both the diffusion and drift terms on the shape κ > 0, the scale parameter θ > 0, and the exponent δ > 0. Also, equation (3) allows to directly recover the generalized Gamma density (2) in terms of the same parameters. It has to be remarked once more that the limit procedure described in Section 3 leads to equation (15) , namely to a weak version of the Fokker-Planck equation (16) . Then, suitable boundary conditions have to be considered, to guarantee the equivalence of the two equations, and consequently the correct evolution of the main macroscopic quantities, and among them the mass conservation. The most used are the so-called no-flux boundary conditions, expressed by
In presence of the no-flux boundary conditions (22) one can study, without loss of generality, the initial-boundary value problem for equation (3) with a probability density function, say f 0 (x), as initial datum. Then, mass conservation implies that the solution f (x, t) remains a probability density for all subsequent times t > 0. The qualitative analysis of the Fokker-Planck equations (3) has been done in the recent paper [56] . There, the analysis was extended to values of δ in the interval 0 < δ ≤ 2, thus covering generalized Gamma densities that range from the Lognormal density, corresponding to δ → 0, to Chi-densities, obtained for δ = 2.
In the following, for the sake of completeness, we will briefly present the main results obtained in [56] , as well as the main properties of this class of Fokker-Planck equations. As extensively discussed in [26] , Fokker-Planck type equations of type (3) can be rewritten in different equivalent forms, each one useful for various purposes. For given t > 0, let
denote the probability distribution induced by the probability density f (x, t), solution of the Fokker-Planck equation (3) . In [56] , the writing the Fokker-Planck equations (3) in terms of the distribution F(x, t), highlighted an interesting feature of their solutions.
Integrating both sides of equation (3) on the interval (0, x), and applying condition (22) on the boundary x = 0, it is immediate to verify that F(x, t) satisfies the equation
The no-flux boundary conditions (22) then guarantee that, for any t ≥ 0
The second condition in (25) 
Then it holds
Hence, substituting into (24) the above identities and using the inverse relation x = y 1/m , it follows that G(y, τ) satisfies the Fokker-Planck equation
Moreover, if F(x, t) satisfies conditions (25) for any t ≥ 0, G(y, τ) still satisfies the same conditions for any τ ≥ 0.
Note that equation (27) has the same structure of equation (24), with the constants κ, θ, and δ substituted by θ m , κ/m and δ/m . Consequently, its equilibrium distribution is given by the generalized Gamma density
It is interesting to remark that, if X(t) is the random process with probability distribution given by F(x, t), by construction G(x, t) is the probability distribution of the process X m (t/m 2 ).
In [54] , Stacy noticed that the generalized Gamma densities satisfy a similar property. Given a constant m > 0, when a random variable is distributed according to (2) , X m is distributed according to (28) .
Using this property, in [56] two special cases, corresponding to the choices m = δ and m = δ/2, were considered. These cases correspond to simplify the drift term and the diffusion coefficient, respectively. Indeed, the choice m = δ leads to the Fokker-Planck equation with linear drift
The steady state of equation (29) is the standard Gamma distribution of shapeκ = κ/δ and scaleθ = θ δ
Likewise, the choice m = δ/2 leads to the Fokker-Planck equation with constant coefficient of diffusion
In this second case, the steady state of equation (31) is the Chi-distribution of shapẽ κ = 2κ/δ and scaleθ = θ δ/2
Equation (29) has been exhaustively studied in a pioneering paper by Feller [25] , who studied the initial boundary value problem with no-flux boundary conditions (22) , and proved existence and uniqueness of solutions, positivity and mass conservation. It is interesting to remark that, when the shapeκ = κ/δ > 1, there exists a positive and norm preserving solution of the initial-boundary value problem such that both it and its flux vanish at x = 0 [25] . This means that when κ/δ > 1 the boundary x = 0 acts both as absorbing and reflecting barrier and that no homogeneous boundary conditions need to be imposed. Mass conservation holds even without no flux boundary conditions.
In view of the aforementioned connections among the Fokker-Planck equations (3), the existence and uniqueness results relative to the exponent δ = 1 still hold for the initial-boundary value problem for equation (3) characterized by a parameter δ 1. For a given initial probability density f 0 (x), there exists a unique positive and mass preserving solution in presence of boundary conditions (22) . Moreover, if κ > δ, there exists a unique positive and norm preserving solution of the initial value problem such that both it and its flux vanish at x = 0. Mass conservation holds even without no flux boundary conditions. The Fokker-Planck equation (31), with constant diffusion coefficient, allows to prove, using the strategy of Otto and Villani [50] , that, provided κ ≥ δ/2, the generalized Gamma densities (2) satisfy the weighted logarithmic Sobolev inequality
where, given two probability densities f (x) and g(x), with x ∈ R + , H( f , g) denotes the Shannon entropy of f relative to g
and, for a given constant β ≥ 0, I β ( f , g) denotes the weighted Fisher information of f relative to g
Inequality (33) then implies exponential convergence in relative entropy of the solution to the Fokker-Planck equation (3) at the explicit rate θ δ /δ 2 . Note that, provided κ ≥ δ/2, the convergence rate does not depend on the value of κ. When the parameter θ is given by (19) , the constant in the weighted logarithmic Sobolev inequality (33) takes the value
Note that the rate of exponential convergence towards the equilibrium density increases with the alarm levelx L and with the variance λ of the stochastic part of the microscopic interaction, while it decreases with respect to the maximal amount of variation µ of the value function (5) . Also, the behaviour with respect to the parameter δ that characterizes the value function (5) is different depending of the value ofx L . The rate of convergence decreases with δ ifx L < 1, while it increases in the opposite situation. It is remarkable that there is no dependence on δ when the alarm levelx L = 1.
Conclusions
Recent results on fitting of the statistical distribution of addiction phenomena in a multi-agent system [38, 52] lead to conjecture that these phenomena are well represented by a generalized Gamma distribution. In this paper we show that this type of probability distributions can be obtained as steady states of Fokker-Planck equations modeling addiction phenomena in terms of suitable microscopic interactions. A qualitative analysis of these equations then verifies that equilibrium is reached exponentially in time, thus justifying the fitting analysis.
